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Abstract
We discuss the possibility of quintessence in the dilatonic domain walls in-
cluding the Randall-Sundrum brane world. We obtain the zero mode effective
action for gravitating objects in the dilatonic domain wall. First we consider
the four dimensional (4D) gravity and the Brans-Dicke graviscalar with a po-
tential. This can be further rewritten as a minimally coupled scalar with the
Liouville-type potential in the Einstein frame. However this model fails to
induce the quintessence on the dilatonic domain wall because the potential is
negative. Second we consider the 4D gravity with the dilaton. In this case
we find also a negative potential. Any negative potential gives us negative
energy density and positive pressure, which does not lead to an accelerat-
ing universe. Consequently it turns out that the zero mode approach of the
dilatonic domain wall cannot accommodate the quintessence in cosmology.
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I. INTRODUCTION
Recently cosmic quintessence has proposed to be an alternative way to understand the
astronomical data of supernova which indicate that the universe is presently accelerating
[1–3]. Also this may be considered as a method to resolve the cosmological constant problem.
This is possible because instead of the fine-tuning, it provides a model of slowly decaying
cosmological constant. Several literature discussed on this issue within the string theory
[4,5] and cosmological context [6,7].
More recently authors in ref. [8] also considered this problem in the dilatonic domain
wall. After the integration over the dual holographic field theory, they obtained a dilatonic
gravity with the potential on the brane. They used the Hamilton-Jacobi method inspired
by the holographic renormalization group to investigate the intrinsic Friedmann-Robertson-
Walker (FRW) cosmology on the brane. It was shown that the holographic quintessence is
allowed on the dilatonic brane because a Liouville-type potential appears on the brane. This
case requires a negative slowly varying bulk potential which implies that the bulk space is
a five dimensional anti de Sitter (AdS5) spacetime.
In this paper we wish to deal with the same issue within a different context. An idea
of the brane world scenario is that our universe may be a brane embedded in the higher
dimensional space [9–13]. A concrete model is a single 3-brane embedded in the AdS5 space
[12]. Randall and Sundrum (RS) have shown that a longitudinal part (hµν) of the metric
fluctuations satisfies the Schro¨dinger-like equation with an attractive delta-function. As a
result, the massless Kaluza-Klein (KK) modes which describe the localized gravity on the
brane were found. Furthermore, the massive KK modes which reside in the extra dimension
lead to corrections to the Newtonian potential. We would like to point out that this has
been done in the 4D Minkowski brane with the RS gauge1. It seems that this gauge is so
restrictive. In order to have an interesting cosmological model on the brane, we may include
the graviscalar (KK scalar) at the beginning [14–16].
In this work we will not use the holographic renormalization group to find the brane
potential. Instead we follow an idea for the genuine brane world scenario such that the
universe is filled with the zero modes of the bulk fields which are trapped on the brane by
the gravitational interaction [17]. In our approach the relevant scalar is either the dilaton (d)
or the graviscalar (h). The condition that the zero mode is localized on the brane corresponds
to the normalizability of the ground state wave function on the brane. Hence we have to find
the finite zero-mode action of the dilatonic domain wall to study its cosmological implication.
Fortunately we can obtain the finite action with the Liouville-type potentials. But we fail
to find any accelerating universe from the dilatonic domain wall.
The organization of our paper is as follows. In Sec. II we briefly review a simple model
for the quintessence. We derive the 4D effective action on the brane by using the zero-mode
approach in Sec. III. In Sec. IV we consider the graviscalar as a dynamic scalar on the
brane. And we discuss its role for cosmological implication. In Sec. V we consider the
1In fact, this gauge for the 5D metric fluctuation hMN is composed of Gaussian-normal gauge
(h44 = h4µ = 0) and 4D transverse, traceless gauge (∂
µhµν = 0, h
µ
µ = 0).
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dilaton as a dynamic scalar for deriving a cosmological evolution. Finally we discuss our
results in Sec. VI.
II. QUINTESSENCE
Quintessence endeavors to handle a cosmological problem with a dynamic negative pres-
sure. A minimally coupled scalar field with a potential that decreases as the field increases
is usually introduced for this purpose [6]. The action is given by
SQ =
1
2κ24
∫
d4x
√−g
[
R− (∂φ)2 − 2V (φ)
]
(1)
with the 4D gravitational constant κ24. This is a canonically normalized scalar action coupled
to the 4D gravity. The Einstein equation is
Rµν − 1
2
Rgµν = Tµν (2)
with
Tµν = ∂µφ∂νφ− 1
2
(∂φ)2gµν − V (φ)gµν . (3)
Considering the FRW flat metric of ds2FRW = −dt2+R2(t)dxidxi, the equation of motion for
φ and the conservation law of ∇µT µ0 = 0 lead to the the same equation as φ¨+3 R˙R φ˙+V ′(φ) =
0. The two FRW equations are given by
R˙2
R2 =
ρ
3
,
R¨
R = −
ρ+ 3p
6
. (4)
Assuming φ = φ(t) for cosmological purpose, then the energy density and pressure are given
by
ρ =
1
2
φ˙2 + V (φ), p =
1
2
φ˙2 − V (φ). (5)
The corresponding equation of state takes the form
ω ≡ p
ρ
=
φ˙2 − 2V (φ)
φ˙2 + 2V (φ)
. (6)
The equation of state ranges over −1 < ω < 1, depending on the dynamics of the field. We
note that when φ˙2 < V (φ) on later time, an accelerating universe appears from the second
equation in Eq.(4). In this model φ and ρ scale as [6]
∂φ
∂R =
√
3(1 + ω)
R , ρ ∼
1
R3(1+ω) . (7)
Using the relation of V (φ) = (1 − ω)ρ/2 together with φ =
√
3(1 + ω) lnR, the positive
potential takes the form
3
Vquint(φ) = V0e
−
√
3(1+ω)φ, 3(1 + ω) < 2 (8)
which is a kind of Liouville-type potential that decreases as φ increases. According to the
theory of quintessence, the dark energy of the universe is dominated by the scalar potential
which is still rolling to its minimum of Vquint = 0. We require its minimum at φ = ∞
conventionally. The above potential is suited well for the quintessence. For example, if one
takes ω = −1/2 < −1/3, Vquint(φ) = V0e−
√
3/2φ can induce an accelerating universe. In the
next section we wish to check whether or not the above-type potential can be found from
the dilatonic domain wall model.
III. 4D EFFECTIVE ACTION ON THE BRANE
We start with the 5D bulk action and 4D domain wall action as [18,19]
S = Sbulk + SDW (9)
with
Sbulk =
1
2κ25
∫
d5x
√−G
[
R5 − 4
3
∂MD∂
MD − e−2aDΛ
]
, (10)
SDW = −σDW
∫
d4x
√−γe−aD, (11)
where σDW is the tension of the domain wall and γ is the determinant of the induced
metric γµν = ∂µX
M∂νX
NGMN on the domain wall. Here M,N = 0, 1, 2, 3, 4(x
4 = z) and
µ, ν = 0, 1, 2, 3(xµ = x). “D” denotes the dilaton. We are interested in the dilatonic domain
wall solution with2
G¯MN = H
−2(z)ηMN , e
2D¯ = [H(z)]
9a
4 , Λ =
32k2
∆
, σDW =
16k
|∆|κ25
(12)
with the conformal factor H(z) = (1+4k∆+2
∆
|z|)4/(3∆+6),∆ = −8
3
+ 3a
2
2
and ηMN = diag[−+
+ + +]. Here overbar(−) means the vacuum solution. Also we choose a negative bulk
cosmological constant Λ < 0 with ∆ < 0 and a positive domain wall tension σDW > 0 for
the fine-tuning. The condition of ∆ < 0 leads to the constraint on a : 0 < a2 < 16/9.
In order to obtain the zero mode effective action, we propose the metric GMN =
H−2(z)GˆMN where GˆMN is a function of “x” only. Explicitly the line element is given
by
dS25 = GMNdx
MdxN = H−2GˆMNdx
MdxN
= H−2
[
gµν(x)dx
µdxν + h(x)2dz2
]
. (13)
Further we introduce the dilaton d(x) in the form of
2For a = 0 case, this reduces to the second RS vacuum solution exactly [20].
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e2D = [H(z)]
9a
4 e2d(x). (14)
Hereafter the graviton gµν(x), graviscalar h(x), and dilaton d(x) play the role of zero modes.
Off-diagonal elements are not included because they are not necessary here 3. h(x) is related
to the radion that is necessary for stabilizing the distance between two branes in the first
RS model [11]. Substituting Eq.(13) together with Eq.(14) into (9) and then integrating it
over z lead to the 4D effective action
SDDW1 =
1
2κ25
∫
d4x
√−g
[
− ∆
2k(∆ + 4)
(
hR− 4
3
h(∂d)2
)
− 16k
∆
(
he−2ad +
1
h
− 2e−ad
)]
.
(15)
If we define the 4D gravitational constant as
κ24 = −2k
∆+ 4
∆
κ25, (16)
then the above action leads to
SDDW2 =
1
2κ24
∫
d4x
√−g
[
hR − 4
3
h(∂d)2 − 32k
2(∆ + 4)
∆2
(
2e−ad − he−2ad − 1
h
)]
. (17)
Here κ24 > 0 is automatically guaranteed because we choose ∆ < 0 and ∆ + 4 > 0. If
∆ > 0, the 4D gravity is not trapped on the dilatonic domain wall [22]. This action is very
important for our study. We note here that the limit of k → 0 means that AdS5 space →
5D Minkowski space, and tension domain wall → tensionless domain wall. In this limit we
recover the conventional KK model without the last potential in Eq.(17).
IV. BRANS-DICKE GRAVISCALAR AS A DYNAMIC SCALAR
Since the above action has two different scalars with the mixed potential, we first consider
the dynamic graviscalar (d(x) = 0, h(x) 6= 1). In the next section we will deal with the
dilaton. The action (17) reduces to the Brans-Dicke (BD) model with a different potential
[18]
SBD =
1
2κ24
∫
d4x
√−g
[
hR− 32k
2(∆ + 4)
∆2
(
2− h− 1
h
)]
. (18)
The first term (hR) is the BD term when the BD parameter w = 0 [23]. This comprises the
massless Kaluza-Klein modes gµν , g44(∼ h2) but with gµ4(∼ Aµ) = 0 4. In this sense, we
wish to call h the BD scalar. The second term arises from the facts : a dilatonic domain
3One may introduce off-diagonal term of 2Aµ(x)dx
µdz for general discussion [21].
4 This model is equivalent to SKK =
1
2κ2
5
∫
d5x
√−GR5 with a factorizable geometry of H = 1(k =
0).
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wall is located at z = 0(“2”), the bulk spacetime is an AdS5 space (“h”), and h is the
KK scalar(“1/h”). Equivalently, this means that the domain wall configuration describes
non-factorizable geometry with a conformal factor H(z). Especially for a = 0 case, we have
the effective action for the RS-type model [20] : LRS = √−g[hR− 6k2(2− h+ 1/h)]/2κ24.
In order to obtain a canonical scalar action, we use a conformal transform : gµν → Ω−2g¯µν
with Ω2 = h. This implies that we move from the string-like frame to the Einstein frame.
The resulting action takes the form
SBD1 =
1
2κ24
∫
d4x
√−g¯
[
R− 3
2
(∂h)2
h2
− 32k
2(∆ + 4)
∆2
1
h2
(2− h− 1/h)
]
. (19)
Let us define h ≡ e
√
2/3Φ to obtain a canonical form like (1). Then we have a desired action
SBD2 =
1
2κ24
∫
d4x
√−g¯
[
R− (∂Φ)2 − 32k
2(∆ + 4)
∆2
(
2e−
√
8/3Φ − e−
√
6Φ − e−
√
2/3Φ
)]
(20)
which implies the graviscalar potential on the domain wall
VGS(Φ) =
16k2(∆ + 4)
∆2
(
2e−
√
8/3Φ − e−
√
6Φ − e−
√
2/3Φ
)
. (21)
All of terms belong to the Liouville-type potential. The only last term that comes from the
genuine graviscalar satisfies a criterion of the quintessence (
√
2/3 <
√
2). Unfortunately it
belongs to a negative potential. For this purpose we rewrite the potential as
VGS(Φ) = −16k
2(∆ + 4)
∆2
e−
√
6Φ(e
√
2/3Φ − 1)2 (22)
which shows obviously that the graviscalar potential is always negative in the whole value
of Φ. Explicitly, the potential starts with VGS = 0 at Φ = 0, decreases until it arrives
at the minimum and then again increases as Φ increases. And it takes the final form of
VGS(∞) → 0. Hence the graviscalar potential on the dilatonic domain wall is basically
different from the single Liouville-type potential of Eq.(8), which decreases monotonically
as a scalar increases. For the special case of a = 0 (non-dilatonic brane), we find the RS-type
potential on the brane
VRS(Φ) = −3k2e−
√
6Φ(e
√
2/3Φ − 1)2 (23)
which is also negative. This leads to the RS vacuum solution VRS = 0 only for the purely
graviton propagation with Φ = 0. Even if we consider the dilatonic domain wall (a 6= 0), this
does not change the negative nature of potential. Here we have always a negative energy
density ρ = Φ˙2/2 + VGS(Φ) and a positive pressure p = Φ˙
2/2 − VGS(Φ). This contrasts
to the quintessence which is based on the positive energy density and negative pressure
with p < −ρ/3. Hence even though we obtain the Liouville-type potentials, we cannot find
any accelerating universe from the the dilatonic domain wall including the RS-brane world
scenario. This means that the KK scalar is not suitable for describing the quintessence in
cosmology.
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V. DILATON AS A DYNAMIC SCALAR
In this section we study the dilatonic case (d(x) 6= 0, h(x) = 1) because we fail to obtain
an appropriate potential for the quintessence using the graviscalar. From Eq.(17) one has
Sdil =
1
2κ24
∫
d4x
√−g
[
R− 4
3
(∂d)2 − 32k
2(∆ + 4)
∆2
(
2e−ad − e−2ad − 1
)]
. (24)
Introducing d˜(x) =
√
3/4d(x), the above action leads to
Sdil1 =
1
2κ24
∫
d4x
√−g
[
R− (∂d˜)2 − 32k
2(∆ + 4)
∆2
(
2e−a
√
4/3d˜ − e−2a
√
4/3d˜ − 1
)]
. (25)
Here we can read off its potential
Vdil(d˜) =
16k2(∆ + 4)
∆2
(
2e−a
√
4/3d˜ − e−2a
√
4/3d˜ − 1
)
. (26)
We point out that the first term comes from the tension of the domain wall (σDW e
−aD) and
the second from the bulk potential term (Λe−2aD). The last term arises from the ansatz for
the zero modes Eq.(13) with h = 1. Further this can be expressed as
Vdil(d˜) = −16k
2(∆ + 4)
∆2
(
e−a
√
4/3d˜ − 1
)2
. (27)
It is noted that Vdil(d˜) decreases monotonically until it arrives the minimum of Vdil(∞) = −1
as d˜ increases. But this belongs to a negative potential as is obviously shown by (27). Hence
we find that the dilaton cannot induce the quintessence.
VI. DISCUSSIONS
We investigate the zero mode sector to the 5D dilatonic domain wall solution for cosmo-
logical purpose. First we study the 4D gravity with the graviscalar on the brane. Assuming
the FRW metric on the brane, one has a minimally coupled graviscalar with the potential.
Although the graviscalar potential belongs to a kind of Liouville-type potential, it remains
negative in the whole value of Φ. This gives us in turn the negative energy density and
positive pressure, which contrasts to the usual quintessence that has the positive energy
density and negative pressure. Second we consider the 4D gravity with the dilaton. Also we
find a negative dilatonic potential. Hence we cannot find the quintessence by using either
the graviscalar or the dilaton. Furthermore the mixed potential from Eq.(17) takes a form
of ∼ −h−3(he−ad − 1)2, which is negatively definite. That is, even if we include both the
graviscalar and dilaton, we find a negative potential. All of potentials which we find here
belong to the negative unstable potential. As a by-product, this implies that the RS vacuum
solution of d = 0,Φ = 0(h = 1) may not be a truly vacuum solution except the RS gauge.
In the limit of k → 0, we find the equation of state p = ρ with ω = 1 which behaves as a
stiff matter with ρ = p ∼ a−6 for both the graviscalar and dilaton cases .
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Finally we wish to comment on the result for the holographic quintessence [8]. In that
case they used the Hamilton-Jacobi equation to obtain a single dilatonic potential U(φ) =
eb(φ−φ0) with b < 0 on the brane. Actually this corresponds to the first term of Eq.(26)
that comes just from the tension of the domain wall (σDWe
−aD). Of course, a single term
like this can induce an accelerating universe. But we obtain three terms which give totally
us the dilatonic potential Eq.(26). So it seems to exist a difference between our zero-mode
approach and holographic approach.
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